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ON THE MELLIN TRANSFORM OF
logn(1+x)
(1+x)m+1
SUMIT KUMAR JHA
Abstract. We use the Ramanujan’s master theorem to evaluate the integral∫
∞
0
x
l−1
(1 + x)m+1
logn(1 + x) dx
in terms of the digamma function, the gamma function, and the Hurwitz zeta function.
1. Main Result
The book [1] has no entry for the Mellin transform of the function
logn(1 + x)
(1 + x)m+1
.
We note in the following result that the Mellin transform of the above function can be
evaluated when n is a non-negative integer using a series expansion.
Theorem 1. For all non-negative integers n we have∫
∞
0
xl−1
(1 + x)m+1
logn(1 + x) dx = (−1)nPn(ψ(m+ 1− l)− ψ(m+ 1), ζ(2, m+ 1)− ζ(2, m+ 1− l),
ζ(3, m+ 1)− ζ(3, m+ 1− l), · · · , ζ(n,m+ 1)− ζ(n,m+ 1− l)) · Γ(m+ 1− l) · Γ(l)
Γ(m+ 1)
where m and l are complex numbers for which the integral on the left side converges, Γ(s)
is the gamma function, ψ(s) = Γ
′(s)
Γ(s)
is the digamma function, ζ(s, n) is the Hurwitz zeta
function, and the polynomial Pn(s1, · · · , sn) is defined by P0 = 1 and
Pn(s1, · · · , sn) = (−1)nYn(−s1,−s2,−2s3, · · · ,−(n− 1)!sn)
where Yn is the familiar Bell polynomial. The first few values of the polynomials being:
P1(s1) = s1,
P2(s1, s2) = s
2
1 − s2,
P3(s1, s2, s3) = s
3
1 − 3s1s2 + 2s3,
P4(s1, s2, s3, s4) = s
4
1 − 6s21s2 + 8s1s3 + 3s22 − 6s4.
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Proof. Zave [2] proved the following series expansion:
logn(1 + x)
(1 + x)m+1
= (−1)n
∞∑
k=0
Pn(H
(1)
m+k −H(1)m , H(2)m+k −H(2)m , · · · , H(n)m+k −H(n)m )
(
m+ k
m
)
(−x)k
(1)
where
H(k)
n
= 1 +
1
2k
+
1
3k
+ · · ·+ 1
nk
.
We first recall that
H(1)
n
= ψ(n + 1) + γ
γ being the Euler’s constant, and
H(s)
n
= ζ(s)− ζ(s, n+ 1),
for s ≥ 2.
Now recalling the Ramanujan’s master theorem [3] which states that∫
∞
0
xl−1{φ(0)− xφ(1) + x2φ(2)− · · · } dx = pi
sin lpi
φ(−l)
gives us our result whenever m and l are chosen such that the integral is convergent. 
2. Examples
Example 1. Substituting n = 1 in our result Theorem 1 gives us:∫
∞
0
xl−1
(1 + x)m+1
log(1 + x) dx = (ψ(m+ 1)− ψ(m+ 1− l)) · Γ(m+ 1− l) · Γ(l)
Γ(m+ 1)
.
Example 2. By letting m→ 0 and l → 0 in Theorem 1 we have∫
∞
0
xn
ex − 1 dx =
∫
∞
0
logn(1 + t)
t(1 + t)
dt = n! ζ(n+ 1).
Example 3. By letting l → 1/2, m→ 0, and n = 2 we get∫
∞
0
log2(1 + x)√
x (1 + x)
dx =
pi3
3
+ 4 pi log2 2.
Mathematica is unable to arrive at this form.
Example 4. By letting l → 3/4, m→ 0, and n = 2 we get∫
∞
0
log2(1 + x)
4
√
x (1 + x)
dx =
√
2 pi
(
8C +
5 pi2
6
+
(
γ + ψ
(
1
4
))2)
,
where C =
∑
∞
n=0
(−1)n
(2n+1)2
is the Catalan’s constant, and γ is the Euler’s constant. Mathe-
matica is unable to arrive at this form.
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